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Abstract. By improving the analysis developed in the study of afe-Yamabe problem, 
we prove in this paper that the De Lellis- Topping inequality is true on 3-dimensional 
Riemannian manifolds of nonnegative scalar curvature. More precisely, if {M^,g) is a 
3-dimensional closed Riemannian manifold with non-negative scalar curvature, then 



\Ric - -gYdv{g) < 9 / \Ric ~ -g\'dv{g), 

where R — vol{g)^^ Jj^j Rdv(g) is the average of the scalar curvature R of g. Equality 
holds if and only if {M^,g) is a space form. We in fact study the following new conformal 
invariant 

vol{g) [ (J2{g)dv{g) 

Y{[go\) ■■= sup 



M 



seci(bol) (/ a,{g)dv{g)f 



M 



where Ci([go]) — {g = e~2"5o | ii > 0} and prove that ^([ffo]) < 1/3, which implies the 
above inequality. 



1. Introduction 

Very recently, De Lellis and Topping proved an interesting result about a generalization 
of Schur Lemma 

Theorem A. [Almost Schur Lemma [6]] For n>3, if {M^,g) is an n- dimensional closed 
Riemannian manifold with non-negative Ricci tensor, then 

(1) / \Ric g\^dv{g) < — ^ / \Ric g\^dv{g), 



where R = vol{g) ^ Jjy^ Rdv{g) is the average of the scalar curvature R of g. 

The result can be seen as a quantitative version or a stability result of the Schur Lemma. 
It was proved in [6] that the constant in inequality ([TJ is optimal and the non-negativity 
of the Ricci tensor can not be removed in general: When n > 5 there are examples of 
metrics on S" which make the radio of the left hand side of ([1]) to the right hand side of 
([TJ arbitrarily large. When n = 3, they found manifolds which makes the ratio arbitrarily 
large. An interesting question remains open: Inequalities of this form may hold for n = 3 
and n = 4 with constants depending on the topology of M. 
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With an observation that the De Lelhs- Topping inequaUty is equivalent to an inequality 
in terms of o"jt-scalar curvature 

(2) ( [ ai{g)dv{g)) > -^vol{g) [ a2{g)dv{g), 



we proved in [10] that ([T]) holds for 4-dimensional manifolds of nonnegative scalar curva- 
ture, by using an argument of Gursky [T6] . 



Theorem B. ^Oj Let {M^,g) is a A- dimensional closed Riemannian manifold with non- 
negative scalar curvature, then 



(3) / \Ric-^g\^dv{g) <4 [ \Ric - ^g\^dv{g), 

Jm 4 jjyj 4 

where R = vol{g)^^ Jj^jRdv[g) is the average of the scalar curvature R of g. Or equiva- 
lently, we have 



(4) lvol{g) [ a2{g)dv{g) < ( [ ai{g)dv{g) 

Jm \Jm 



2 



In fact, one can find inequality dU in the argument of Gursky |16] . This argument 
uses a crucial property of (T2-scalar curvature that Jj^j a2{g)dv{g) is a conformal invariant, 
which is only true on 4-dimensional manifolds. Nevertheless, inspired by our previous 
work in [7] we conjectured in [lOj that this is true for 3-dimensional manifolds. In this 
paper, by improving the analysis developed in the study of Ufc-Yamabe problem, we give 
an affirmative answer to this conjecture. Namely we will show that Theorem A holds 
under the condition of non-negativity of the scalar curvature for dimension n = 3. 

Theorem 1. Let {M^,g) is a 2>- dimensional closed Riemannian manifold with non-negative 
scalar curvature. We have 

(5) f \Ric-^g\^dv{g)<9 [ \Ric - ^g\^dv{g). 
Jm -j Jm -j 

Moreover, equality holds if and only if {M'^,g) is a space form. 

Without the condition of non-negativity of the scalar curvature. Theorem [T] is not true. 
Examples can be found in [6|. When n > 4, Theorem A is also not true under a weaker 
condition that the scalar curvature is positive. For various problems related to the De 
Lellis- Topping inequality, see [TT] . 

Our proof is based on the study of a new conformal invariant. From now, let n = 3. 
We define 

vol{g) / a2{g)dv{g) 

(6) Y{[go]):= sup , 

5eCi([9o]) (/ ai{g)dv{g)f 
Jm 
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where Ci{[go]) := {g = e ^"^o I > 0} and [go] := {g = e ^"^o}- We define the first 
Yamabe constant on 3-dimensional manifolds by 



Since (Ti{g) = i?/2(n — 1), the first Yamabe constant Yi([(7o]) is a positive constant multiple 
of the ordinary Yamabe constant. Theorem [1] follows from the observation mentioned 
above and the following 

Theorem 2. Let {M^,g) is a 3-dimensional closed Riemannian manifold with positive 
Yamabe constant Yi{[gQ]) > 0, then 



To show Theorem [2] we will study a fully nonlinear Yamabe type equation (llOp . which is 
closely related to the Ufc-Yamabe problem initiated in [23], [2] and studied by many mathe- 
maticians. (See for example pL3j and [24J) Though the fully nonlinearity, the corresponding 
(Tfc Yamabe equation shares very nice properties. (See [H] and [21]) A nice application of 
the analysis developed in the study of the cjfc-Yamabe problem is the 4-dimensional sphere 
theorem obtained by Chang-Gursky-Yang in [3]. As another application, with C.-S. Lin 
we obtained in [7j a 3-dimensional sphere theorem. Another proof was given by Catino- 
Djadli in [5]. See also [2], [8], [12], [19], [20], [25], and especially a survey paper [17] for 
other applications. This paper can be seen as a new application of this analysis. However, 
comparing to the ordinary Yamabe problem and Ufc-Yamabe problem we encounter an 
extra difficulty, without a corresponding Sobolev inequality, which is in fact inequality ([7]) 
that we want to prove. 

Theorem [T] gives also a new characterization of three-dimensional spherical space forms. 
Another related characterization of three-dimensional space forms was recently given by 
Gursky and Viaclovsky in [18j. 

The paper is organized as follows. In Section 2 we consider the new conformal invariant 

Y and its related energy functional. The critical point of this energy functional satisfies a 
Yamabe type equation (llOp below. We show in Lemma [2] that any critical point satisfies 

Y < 1/3. Hence to prove Theorem [2] we only need to prove that Y is achieved. This 
is in fact a new Yamabe type problem, with a new difficulty -without a corresponding 
Sobolev inequality. This problem is difficult and still remains open. Instead of attacking 
this problem directly we consider a suitable perturbed problem. This perturbed equation, 
to find it is a very delicate issue, is introduced in Section 3. In Section 4 we prove first 
local estimates and then global estimates for the flow, by using the local estimates. 
The uniform parabolicity of the flow is proved in Section 5. One of key estimates (Lemma 
[6]) and main Theorems are proved in Section 6. Related problems and Conjectures are 
proposed in Section 7. 




9e[go] {vol{g))B 



(7) 



Y{[9o]) < 3. 
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Let US first recall the definition of the fc-scalar curvature, which was first introduced by 
Viaclovsky [23] and has been intensively studied by many mathematicians, see for example 
the references in [7] and two survey papers |13] and |24] . Let 

S„ = ( Ric — — - 

^ n-2 V 2(n- 1) 

be the Schouten tensor of g. For an integer k with 1 < A; < n let cr^ be the A;-th elementary 
symmetric function in R". The /c-scalar curvature is defined by 

where Ag is the set of eigenvalue of the matrix g^^ ■ Sg. In particular, 

R /X 1 f,„.,9 n „2 



We have in [10] the following observation. 
Lemma 1. ([10\) Inequality [J^ is equivalent to 



(^i{9)dv{g) > TVol{g) / a2{g)dv{g). 

M J n - I Jj^^ 



Let gQ be a metric on Ivp with positive scalar curvature and Ci([(7o]) := {g £ bo] I ^iCs) > 
0}. Define an energy functional 



(8) £{9) :-- 



and 



vol{g) I a2{g)dv{g) 



M 



(/ aMdv{g)y 

'M 



(9) Y{[go]):= sup £{g). 

seCi([go]) 

y([5o]) is a new conformal invariant. To show Theorem [2] is equivalent to show that this 
invariant is always less than or equal to 1/3. A critical point of £ in Ci([5(o]) satisfies a 
new Yamabe type equation 

(10) ^aM_5!2M . _2,(,,. 

where r2{g) is the average of 172(5) s{g) the average of with respect to the measure 
ai{g)dv{g) are defined by 



cr2{g)dv{g) / a2{g)dv{g) 

r2{9) := „ , and s{g) 



vol{g) 

We observe that solutions of (jlOp have an interesting property. 



(^i{9)dv{g) 

M 
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Lemma 2. Every solution g £ Ci{[gQ]) of ([TO]) satisfies 

(11) £{9) < 1/3, 

and equality if and only if g is an Einstein metric. 

Proof. From the Newton inequality 

^2(g) ,1 . . 

— < oCri{g), 
cri{9) 3 

we have 

\i [ a^{g)dv{g)f > [ ^^dv{g) [ a^{g)dv{g) 
3 Jm Jm 0-1 (5) 



1 *^ 

3r2(5') / — r^dv{g) ai{g)dv{g) - 2s{g)vol{g) ai{g)dv{g) 
Jm o"U5j Jm _ Jm 



> 3r2{g){vol{g)y - 2s{g)vol{g) / ai{g)dv{g) 

J M 

(^2{9)dv{g)vol{g). 

M 

In the first equahty we have used Equation pO|) and in the second inequahty the Cauchy- 
Schwarz inequahty. It is clear to see that equality holds if and only if 

cri{9) 3 

and hence if and only if (M^,(7) is an Einstein manifold. ■ 

Therefore, to prove Theorem [2] we only need to prove the existence of the maximum of 
functional £ in Ci. This is a new Yamabe type problem. However to prove the existence 
of the the maximum of functional £ is very difficult. One would meet not only the typical 
difficulty -loss of the compactness- of the ordinary Yamabe problem (and many other 
geometric variational problems, for example, harmonic maps, Yang-Mills fields), the fully 
nonlinearity of the 0"^- Yamabe problem, but also a new problem that we have not a 
corresponding (optimal) Sobolev inequality yet. This corresponding Sobolev inequality is 

sup£{g) < CO, or sup£{g) < ^. 

This is in fact what we want to show. Hence we need to consider certain suitable perturbed 
functionals. 

3. A PERTURBED PROBLEM AND ITS FLOW 

As mentioned in the Introduction, to find a suitable perturbed problem is a delicate 
issue. Let e > be some small constant and g G Ci{[go]). We define 



fl2) £Ja) :-- 



(^2(5) - ee'^ndvig) / e''^dv{g) - e{ / ai{g)dv{g)y 

M J \Jm JM 
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This perturbed function is well defined in a smaller space 
Ci,.(bo]) := 

{g^CM)\ [ {a2{g)-se''-)dv{g)>0, [ e'-dv{g) - s{ [ a,{g)dv{g)f-'>0}. 

Jm Jm Jm 

This functional looks quite complicated. But it satisfies all properties we want to have. 
Denote the maximum of in Ci^£([yo]) by 

Me := sup £sig). 

fleCi,e([flo]) 

For this perturbed energy functional, the corresponding Euler-Lagrange equation could 
be written as follows 



(13) 



Ma) 



+ fi{g) = 



where i^i{g), ^2(5) and iJ,{g) are given respectively 

K9)i[ {a2{g)-ee^^)dv{g)) 
Jm 



1/2(5) := ^Kg) 



[ e^^dv{g)-e{[ a,{g)dv{g)f-^ 

JM JM 

( e [ {a2{g) - ee^^)dv{9)^ 
Y _ JM 



ii{g) := k{g) I {a2{g)-ee'^)dv{g) 

JM 



2 / (cT2(5) - U'ldvig) 

JM ^ 



2-e 



with 



Kg) :-- 



7^{g)dv{g) f e'^dvig)-e{f a^{g)dv{g)) 

JM JM 

I Mg)-yndv{g) 

JM ^ 



\ {Mg)-'^e^'')dv{g)-e [ {a2ig) - ee^-)dv{g) 

JM ^ JM 



[ {a2{g) ~ '-e'-)dv{g) 

JM ^ 



(1-e) / (a^ia) - '-^^-^e'-)dvig) 



> 1. 



By definition wc have 
Lemma 3. We have 



(ii) Y{[go])<limsvip,^oMe. 
Proof. The proof is easy to check. 
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We want to show that 

(1) Me is achieved by some Qe G Ci^£([(7o]) for e > 0, which certainly satisfies p^ . 

(2) Every solution g of psp satisfies an estimate 

(14) SM < i^J-^y 

where C is a constant independent of e. 

This implies that ^([^o]) ^ limsupg^o-^e < 1/3. Estimate (jl4p will be proved in Lemma 
[6] below. To study the achievement of Mg, we introduce a conformal flow, which is different 
from the Yamabe flow considered in [7|. 

(15) ^ = "2^ ■J^9-=e + M<?)e +m{g), 

where m{g) is chosen by 

0-1(5 e + fi{g)e + m(fir dv[g) = 0. 

M V Ma) J 

Proposition 1. Let n = 3. Flow ( 175)) preserves / ai{g)dv{g), while it increases £e{g), 

Jm 

provided g{t) £ Ci,e([5fo])- 

Proof. It is clear that the flow preserves Jj^ ai{g)dv{g). By a direct computation we have 

^^.(.) = S ^>o. 

M5) / {<y2{g) - ee^^)dv{g) 



Since the flow increases £e{g), the flow preserves the properties j j^{a2{g) — ee'^'^)dv{g) > 
0, fj^j e^^dv{g) — e{J ai{g)dv{g)Y~'^ > 0. We will show below that the flow preserves 
Ci([(7o])j and hence Ci^e([go]). This is certainly one of crucial properties of the flow. 

4. ESTIMATES 

In this section, we will establish a priori estimates for flow (jl5|) . Local estimates for 
this class of fully nonlinear conformal equations were first given in [14] . Since then there 
are many extensions. See for instance [1] and the survey paper |24j . Let be a convex 
open cone -the Garding cone- defined by 

r+ = {A = (Ai, A2, • • • , A„) G I ^7, (A) > 0, Vi < A;}. 

Similarly, we say a symmetric matrix W G T^ if the set of eigenvalues of W belongs to 
r^. By g £ we mean that g~^ • Sg{x) belongs to T^ for any x G M. li g = e~'^^go, we 
have the transformation formula of the Schouten tensor 

Sg = V^n + du® du — go + Sg^. 
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-2u, 



Therefore, g = e ^ if and only if 

2 

To establish a priori estimates, we first need a technical key lemma. 



(V^n + du®du- ■^7^5'o + Sg^,){x) G r+, Vx G M. 



Lemma 4. For I < k < n set F = SJ^, We have 

1) the matrix {F^^){W) is semi-positive definite at W ^ ^t-i '^'^'^ positive definite 
at W ^ T^_i\'R'i, where TZi is the set of matrices of rank 1. 

2) The function F is concave in the cone r^_-^. When k = 2, for all W G and for 
all R = (rij) £ Sn, we have 

dw.^dwki [a^iW) J ''''''' af{W) 
Proof. For the proof, see [7]. ■ 

Assume gi G Ci^e([(7o])- We consider flow (|15p with the initial metric gi. Lemma H] 
implies that (jlSp is parabolic. By the standard implicit function theorem we have the 
short-time existence result. Let T* G (0,oo] so that [0, T*) is the maximum interval for 
the existence of the flow g{t) G Ci^£([go])- 



Theorem 3. Assume that n = 3, and g{0) = gi £ Ci^s{[go])- Let u he a solution of (E 
in a geodesic hall Bn x [0,T] for x < T* and R < tq, the injectivity radius of M . Then 
there is a constant C depending only on {Br, go) and independent of T such that for any 
{x,t)GBR/2 X [0,T] 

\Vu\^ + \V^u\ < C(l + ^e-(2-^)i-f^«") 
(17) ^^'^ 

- ^^'^ e{Ja^{g)dv{g)r-^' >' 

Proof. In the proof, C (resp. c) is a constant independent of T, which may vary from line 
to line. Let W = (wij) be an n x n matrix with 

Wij = Uij + UiUj [go)ij + {!^go)ij- 

Here Ui and Uij are the first and second derivatives of u with respect to the background 
metric gQ. Define 



and 
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Set 



al{W) 

where (T*-^) = {ai(W)5^^ — w^^) is the first Newton transformation associated with W, 
and 6^^ is the Kronecker symbol. Prom Proposition [H we know I'lig) > 0, 1^2(5) > and 
IJ,{g) > 0. In view of Lemma H] we know that (F^^) is positive definite and F is concave in 
W G P^. Moreover, we have 

^ dw.jdwki af{W) 

Let S{TM) denote the unit tangent bundle of M with respect to the background metric 
go. We define a functfon G : S{TM) x [0, T] ^ M 

(20) G{e,t) = {V\+\Vu\''go){e,e). 

Without loss of generality, we assume R = 1. Let p G C^{Bi) be a cut-off function defined 
as in [14J such that 



(21) 



p > 0, in -Bi, 

P = 1, in ^1/2, 

\Vp{x)\ < 2bopy^{x), in Si, 

|VVl < bo, in Si. 



Here 60 > 1 is a constant. Since e~^"(7o £ Ci, to bound \Vu\ and |V^tt| we only need to 
bound (V^tt + |Vup(7o)(e, e) from above for all e G S{TM) and for all t G [0,T]. For this 
purpose, consider G{e,t) = p{x)G{e,t). Assume (ei,to) ^ S{TxqM) x (0,T] such that 

(22) G(ei,to)= max G(e,t). 

S{TM)x[0,T] 

We may further assume that 

(23) ^(ei , to) > n max ai {go). 
Let ( 

6I) ■ ■ ■ 5 Cft) bs an orthonormal basis at point (xq, to). Now choose the normal coordi- 
nates around xq such that at point xo 

d _ 
dxi 

and consider the function G on M x [0, T] defined by 

G{x,t) := p{x){uu + \Vu\'^){x,t). 
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Clearly, (xo,to) is a maximum point of G{x,t) on M x [0,r]. At (xo,to)) we have 

(24) < Gt = p{unt + 2j2uiuit), 

I 

(25) = Gj = ^G + p{unj + ^Y1 ""'^'i)' 

(26) > {G^j)= l^^^^—^^G + p{umj + Y,{2uHUij + 2uiUHj)) 

Recall that {F'^^) is definite positive. Hence, we have 
> ^F^JQ, -Gt 

ij>l i,j>l />1 

-/0('Ullt + 2y^'U;-U;f). 

First, from the definition of p, we have 

(28) Yl r^^^^l^^^G >-CY, \F'^-G, 

i,j>i P i,j>i P 

and 



(29) 

71 • 

^ aim J ' ajiW) ^^^^^ 



since W is positive definite. From (|29p we have 
Using the facts that 

(31) "Ufcij — Uiji^ -\- ^ ^ RmikjUrm 

m 

(32) Uf^f^ij — Uij}^j^ + ^ ^ (2-Rrn.tfcjr'^mA; RiC-mjUmi R^^miUmj R'^C-Yni^jUra ~\~ Rmikj,k^r, 

m 

and 

(33) (i;«F)ii = 2^(7.iizni + ^zfj + 0(1 
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we have 
(34) 



F'^uuij > ^ F'^ Wiju - {uu)iUj - Ui{uu)j + ^(u?; + uiuui){go)ij 

id>l i,j>l \ 1>1 

-2 r^uauji - C(l + iV^nl + \Vu\^) ^ \F'^\ 



and 



F'^uiuiij > ^ F'^uiWiji - ^ F'^i^uiUiiUj + uiUiUji) 

i,j,l 

(35) 



2 



Combining (pll) and (f35]l . we deduce 
(36) 

^ F*-'('Uiiij + 2^(nij'U/j + uiuiij)) 

i,j>l 1>1 

> Yl i^im + 2 E ^'i'^^) + 2 E E ^'^^'i + E (5o)^i 

i,j>l «>1 i,j>l l>2 i,j,l>l 

-J^F^^' [(-uii + \VuWuj + Ui{uii + |Vn|2)j- - (Vu,V(nn + |Vup))(5o)ij] 
-(7(1 + |V\| + iV-up) ^ \F'i\ 

> Y (^^Jii + 2 E ^*^'^^) + ^11 E (5o)^i 

+ Y.^'' (-^i^i + P^""^ - (V/9, Vtx)(5o)ii) - C(l + + |Vn|2) 



In the last inequahty we have used ([2^ . Now, we want to estimate j i F"^^ Wijiui and 
J- F^^Wijii respectively. By differentiating F we get 



(37) E = E + E |^«? = E '^"-■m + E 

I I i,j,l I 
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By differentiating F twice and using the concavity (|19p of F in W^, we have 
(38) 

Y.^"'"^^^^' = ^11- E dw dw, ^-^i^^'^i 

I, J i,j,k,m 

d^F d^F o OF 



—WijlUl - -^ul - ^Mii 

OWinOU O'^U ou 



^ P , 2i/(E,^^ui)' , 2{A-e)y{Y.,w,,{)ui , (4 - g)2i7nf (4 - £)z^t.n 

— ^11 "I 7 TTTTvil 1 1 TTTTvTo r 



> Fii + 



(4 - £)'^uu\ (4 - e)uuii 



2ai{W) ai{W) ' 

These estimates give 

Y,F'^{wijU + 2Y,Wijm) > Fn + 2J2iFiui 
(^^^ (4 - e)i?uu 2(4 - e)i?uf 

Recall from (fT5]) that 

(40) F = txt-M5)e-2«-m(g). 
Hence we have 

(41) Fn = nut - ^(5)e-'"(-2nii + 4n?), 

(42) = - //((7)e-2"(-2n0, V/ = l,--- ,n. 
Gathering 1^, §6i) 1^, ^ and we obtain 



(43) 

> -C (^\F'^\^^+p(^F''^ul^-Cp(^\F'^^ 



G ' 



id ^ \ 1=2 



+ F'^ {piUj + pjUi - {Vp, Vu){go)ij) - - /9/i(5)e-2« ( -2uu - 4 ^ 

''J 

(4-g)i 



1=1 

Prom the fact W G Vf, we have that un{xo,t()) > ^|Vnp(xo, to)) and hence G(xo,to) < 
21p(xo)nii(xo, to) (see (44) in [7]). Multiplying by p we deduce 

(44) > ^F-(-CG+ (^)2 - C7G2) + pe-2«(^(5)^ - 8..i(g)e-(2-)"-^). 
When > 2352 = 16 x (21)^/3, it fohows from ([HOD that 

1 y F-(£)2 _ 8z.i(5)pe-(4-^)"— ^ > !.( - 8p— ^) > 0. 

2^ ^2r '^^^^ cTi(VF) - ^294cjf(Ty) ^(Ji(M^)^- 
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Together with (j44p . we have 

0>^F-(-C7G + ^(^)2-C7Gi), 

i 

from which we easily have 

G(a;o,to)<C. 

This gives the desired result. When < 2352, the desired result follows from (I44p 

and Lemma [3] (i) . ■ 

Remark 1. Let g = e~^^go G Ci^£ be a solution of U3\) in a geodesic ball Bji and R < tq, 
the injectivity radius of M . Then there is a constant C depending only on {Bn^go) such 
that for any x G B^i2 the estimate ( |T7| j holds. 

Corollary 1. Under the same assumptions as in Theorem\^ there is a constant C de- 
pending only on go (independent ofT) such that for any t G [0,T] 

(45) Mc'HM) < C. 

Proof. By Proposition [H we may assume that / ai{g)dv{g) = 1 without loss of generality. 

Jm 

Thus, we have a uniform volume bound, namely 

(46) vol{g) < {Y,{[go]))-'. 

Claim. There is a constant C > independent of T G [0, T*) such that Vt G [0, T] 

(47) u{t,x)>C. 

Set m{t) = miUx^M u{t, x) and u{t,xt) = m{t). We prove the claim by a contradiction 
argument and assume that there exists a sequence such that tn ^ T and m{tn) — )• 
— oo. Applying Theorem [31 we have for all x G M and n G N 

|Vn(t,,x)|2<|e-(2-^)"^(*"), 

which implies for aU x G i?(x4„, A/ee^-'^"^/^)™^*")) 

\u{tn,x) - m{tn)\ < C. 

As a consequence, we infer 

V0l{g{tn)) >C f e-^"''^'-Uv{go) > e3/2g{-3./2)m(i„) ^ ^ 

JB(xt„,v^e(i-=/2)™(«n)) 

which contradicts our uniform volume bound (|46p . This contradiction yields the desired 
claim. 

From Theorem [3] and the Claim, there is a constant C > 0, independent of T G [0,T*) 
such that V(t, x) G [0, T] x M 

(48) \Vu{t, x)\ + |V\(t, x)\<C. 

Using the fact / ai{g)dv{g) = 1, we have V(t,x) G [0,r] x M 
JM 

\u{t,x)\ + |Vu(t,x)| + |V\(t,x)| < C. 
Therefore, we finish the proof of Theorem. H 
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Remark 2. Our perturbed equation is so chosen such that the argument in Corollary [7] 
works and the estimate in Lemma hold. 

Remark 3. Under the same assumptions as in RemarkUl there is a constant C depending 
only on g^ such that 

(49) \\u\\c^iA4) < C. 

5. Uniform parabolicity 

We prove in this Section that our flow (fTSj) preserves the positivity of the scalar curva- 
ture. 

Proposition 2. There is a constant Cq > 0, independent of T £ [0,r*) such that 
ai{g{t)) > Co for any t e [0,T]. 

Proof. The proof is a modification of the proof given in [15] and [9] , with more attention 
on z^i and 1^2, and their derivatives. Recall 

W = (Wij) = {VjjU + UiUj ^{go)ij + {Sgo)ij), 

u = u^{g)e-^^-'> + V2{g). 



We define 



a2{W) - V 2« 



for some sufficiently large k to be fixed later. Hence, -F = ut — (k + fj,(g))e~'^'^ — m{g(t)). 
By Corollary [1] one can show that there is a constant ci > which is independent of T > 
such that 

(50) - > / {a2{g) - ee''^)dv{g) > ci, - > / e'^'dvig) - e{ [ a,{g)dv{g)f-' > c,. 
ci Jm Ci Jm Jm 

To show this, from Corollary [1] we first have that fj^j{a2{g) — £e'^^)dv{g) and f^j e^^dv{g) — 
e{J cri{g)dv{g))'^~^ are bounded from above by some positive constants. It follows from 
Proposition [1] that Se{g) is bounded from below by some positive constant and the fact 
that J (Ji{g)dv{g) is constant along the flow. Therefore, the second part in the inequalities 
yields. As a consequence, i'i{g), 1^2(9) and fj.{g) are bounded from above and from below 
by some positive constants. Again from Corollary [H m{g) is bounded. 

Without loss of generality, we assume that the minimum of F is achieved at (xo,io) £ 
M X (0,T]. Near {xo,to), we have 
(51) 

\^ Aij(\7^f. ^9^.-2", , (4-e)z^i(9)e ^)"Mt a{t) 
—I' = 2_^A-J[Vg[ut))ij + 2Ke ut + 



dt ^ ' ai{W) ai{W) 



Y^A^^ [(V^(F)),, + + M5))(V^(e-2")).,] ^ 2^^-2n^, + '^"'J-'^^] "'"^^ 
a{t) 



A NEW CONFORMAL INVARIANT 



15 



where 



and 



ait) ,= ^,~(^-e)u^d.,i9) 



dt 



dt 



dF _ (aliW) - a2{W) + i^)5'^ - ai{W)W'- 



dwi 



ai{W) 



is positive definite. We choose the normal coordinates so that is a diagonal matrix at 
(xo,to)- First we claim there exists some constant C2 > independent of T and k such 
that for ah i G [0, T] 



(52) 
(53) 



dui (g) 



dt 
dv2{g) 



dt 



it) 
it) 



< C2(l + K + 



< C2(l + K + 



1 



aiiW)ixo,to)" 

I ). 

aiiW)ixo,to) 



Using (fT5|) , (j50|) and Corollary [H we can estimate 



(54) 



duiig) 



dt 



it) 



M <JliW)ix,t) 



dvigo)) < c(l + max 



< c(l + 

Since (a;o,to) is the minimum of F in M x [0, T], we have 
(55) 



1 



xeM aiiW)ix,t)' 



" t) < ^^(x t) - Ke-2"(^'*) - ^2(^)-^ . . ^.-2«(xo,to) 



for any point ix,t) £ M x [0,T]. Applying Corollary [H we have that cJi(W^), a2iW) 
and e^^" are bounded and i' is bounded from above and from below by some positive 
constants. Together with the fact a2iW)ix,t) < ^afiW)ix,t), ((55]) implies there exists 
C3 > independent of T and k such that for all (x, t) £ M x [0, T] 

\ 1 . 



(56) 



(yxiW)ix,t) 



< C3(l + K + 



aiiW)ixo,to)'' 



which, in turn, together with (j54p . implies (|52p . Similarly, we have (j53p . Hence, we prove 
the desired claim. As a consequence, we have at the point (xo,to) 



(57) 



l"(*o)| / / 1 + , 1 



aiiW) - Vi(l^) (jfiW)' 



dF 



Since (xq, ^o) is the minimum of F in M x [0, T], at this point we have — < 0, -F; = V/ 

dt 

and iFij) is non- negative definite. Note that 



iVl)ijF = F,j + UiFj + UjFi - uiFi6ij = Fij, 
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at (xo,to)) where Fj and Fij are the first and second derivatives with respect to the back- 
ground metric qq. From the positivity of A and (I5ip . we have 



> Ft-Y,^''Fii 



(58) 



ai{W) ai{W) 



(K + /x(c/))e 



(Ji(l^) 

a 



^ — ' ai[W ) 



h3 



Ea2{W) + v 
A^^Wij = 7-7-7 — . A direct computation gi 
a\{W) 



ives 



(59) 



l^A^S{g,),, - __^w^S{go)i,+ 



^,3 



aliW) 



Gathering (jSHj) and ([59]), we have 
> Ft-Y,^''Fi, 



(60) 



> {n + ii{g))e 



-2u 



-2a2{W) -2v ^ 2{A{W) - a2{W))ai{go) 



aiiW) 



1 . 



-C{1 



1 + K 



+ 



ai{W) al{W) 



since {A^^) is positive definite and k + /x(g) is positive. Let us use 0(1) denote terms with 
a uniform bound. One can check again a2{W) = 0(1) for ||n||(72 is uniformly bounded 
and S{gQ)ij = 0(1). Also the term a\{W) - (72{W) is always non-negative. We 
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can choose n such that 

(K + /i(fif))z^o-i(5-o)e-2^ C K + l 
aim . + M5)>^ 

Fixing such k, from ([60|) we conclude there holds at the point (xo,to) 

«; , K + 1 

for some positive constants C4 > independent of T and k. Consequently, there is a 
positive constant C5 > (independent of T) such that 

ai{W){xQ,tQ) > C5. 

Hence, from ([56]) and Corollary [U there is a positive constant cq > 0, independent of T, 
such that for all {x,t) e M x [0,T] 

ai{W)ix,t) > C6. 

This finishes the proof of the Theorem. ■ 

6. Proof of main Theorems 

Now we can show the convergence of flow (jlSp . 

Theorem 4. For small e > flow (llSp with an initial metric gi £ Ci^sdgo]) converges to 
a metric goo satisfying (I13p . 

Proof. With the estimates (Corollary [1]) and the uniform parabolicity (Proposition [2]), 
one can show the convergence like in |15] . ■ 

In order to estimate the value of we need the following 
Lemma 5. There exists some Co > depending only on g^ such that for any g = e~'^'^go G 

Ci([(7o]) satisfying / a2{g)dv{g) > there holds 
Jm 

(61) Coe'"^^" < J e^^'dvig) < e"^^^"vo/(5o). 

Proof. The second inequality is clear. We prove the first inequality. As in [7], we have for 
all g e Ciiigo]) 

(62) j <y2{9)dv{g) < -j^ J \Vu\%e''^d{g) + c J e^-dv{g), 

for some positive constant c > 0. Since J a2{g)dv{g) is non-negative, we have 

(63) 4^1 \Ve'^'X^dv{g,) = j \Vu\le^^dv{g) < c j e'^^dvig) = c J {e^/')Uv{go), 

which implies, with the help of Sobolev's embedding Theorem (VF^'^ C C^/^), for all 
x,y £ M 

(64) |e"(^)/^ - e"^?')/^! < c{ [ e'^''dv{g))^/^{dg^{x,y)y/\ 



18 YUXIN GE AND GUOFANG WANG 

where dgf^{x,y) is the distance between x and y with respect to the metric ^o- Set 

(65) ^ — ginaxM" = g«(xo) 

for some xq E M. It follows from (j64p that there exists some r > independent of u such 
that for any y £ B{xo, r) 

(66) e"(^)/^ > ^Z?!/^ 

Here the geodesic ball B{xQ,r) is taken for the metric qq. Hence, we deduce 

e'^''dv{g) > [ e^^'dvig) > c/3. 

M J B{xQ,r) 

Therefore, we have finished to prove the Lemma. ■ 

Now we estimate the value of M^. The proof likes one given for Lemma [21 with the help 
of Lemma [5j 

Lemma 6. Let Cq > be the constant given in Lemma\^ Any solution g G Ci^e of \1S^) 
satisfies (fH]) . i.e., 

Proof. Multiplying (113p by e^" and integrating over M, we have 



By the Cauchy-Schwarz inequality, we have 

(^,(g)e2..^^^(g)g (4+.).) /■ 

dv(5() / ai{g)dv{g) 



i/i(5)e2-" 



> / r^^^(f) / ^^i9)dv{g) 

> i.i(5)(/ e-dt;(5))^ 
The above two inequalities implies that 

7a/ 0-1(5) JM^n9)dv{g) Jm 

/M(^2(g) - ee^'-)dvig) e^"dr;(g) 
Im '^^(9)dvig) 

In the last equality we have used the definitions of I'lig) and fi{g). 
On the other hand, we recall the facts 

1 



and for aU g £ Ci,e([5fo]) 



e / e*"dz;(5) < / a2{g)dv{g). 
'M Jm 
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Hence, we get from Lemma [5] 
(69) 



'''^'''^^^ dv{g) <\ I e'^ai{g)dv{g) <\e''^-^^ I ai{g)dv{g) 



M 0-1 (ff) 3 Jm 3 JM 

-3 JM ^ *-"0£ JM 



68|) and (j69|) give us 



\uM9) - ee^-)dv{g) j\, e^^dv{g) ^ ^ 



{j,,{cj2{g)-'^e^-)dv{g)nj,,ai{g)dv{g)f - 'Cos' 3(1-6)^5)' 
which imphes 



'Coe^ 3(l-e)A;(5) " ^Cqe^ 3(1 - e) ' 
since A;(g') > 1. This yields the desired result. ■ 

Proof of TheoremlE If any g £ Ci{[go]) satisfies / (72(9) < 0, then Y{[go]) < < 1/3. 

JM 

Hence we consider that there is 5 G Ci([5o]) with / cr2{g) > 0. For such a metric g we 

JM 

can choose a small number eg > such that g £ Ci^edgo]) for any e G (0,eo)- Hence, we 
have 

£e{g) < Me. 

Theorem S] and Remark 3 imply that is achieved by a metric ^ G Ci H [170] satisfying 
(jl3p . From Lemma [6] we have 

M, = f,(^)<(-^r ^ 



^Coe' 3(l-£)' 
and hence 

m < ^. 

Therefore we have 

^"([50]) < \. 
This finishes the proof of the Theorem. 

We consider now the energy functional in a larger class 



CM) := {5 = e-2"<7o I > 0} 

and define 

vol{g) / a2{g)dv{g) 

(70) ^"([50]):= su^ 1^ 

96Ci(M) (/ ai{g)dv{g)f 

JM 



Note that in Ci([5o]) there is no metric with R = 0, if go G Ci. We have the following 
result, which improves slightly Theorem [2j 
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Theorem 5. If{M^,gQ) is a closed 2>- dimensional manifold with positive Yamabe constant 
Yi{[go]) > 0, then 

(71) Y{[go]) < l- 

Moreover, equality holds if and only if (M^,go) is space form. 



Proof of Theorem\^ For any metric g = e~'^^go G Ci([5o])! we consider gt = e~^*"go for 
< t < 1. Clearly, gt G Ci([(7o])- By the approximation arguments and Theorem [21 we 
have 

£{g) = Yim£{gt)<l. 

Now we suppose £{g) = 5. Thus, g is an extremal metric in the class of Ci([g]) for the 
energy functional £. Denote Mi := {x G M, ai{g){x) = 0} and M2 := {x G M, ai{g){x) > 
0}. We have M = Mi U M2 and ([TO]) is verified in M2. On the other hand, if G Mi, 
then ai{g){x) = and a2{g){x) < 0. Hence, we deduce in Mi 

cT2{g)-^r2{g)+2s{g)ai{g) <0 

since ^2(5) > 0. On the other hand, by the definition of r2 and s we know 

/ ((72(5) - 3r2(g) + 2s{g)ai{g))dvig) = 

which implies M = M2 and we have Equation (jlOp . Therefore, from Lemma [2l we infer 
that M is an Einstein manifold and we finish the proof. ■ 

Proof of Theorem m Let {M^,g) be a metric of non- negative scalar curvature. If its 
Yamabe constant is positive, then by Theorem [5] we have £{g) < ^^([5]) < 1/3, which is 
equivalent to ([1| by Lemma [1] Hence we only need to consider the case that g has zero 
Yamabe constant. In this case one can show that g has scalar curvature zero and hence 
([II holds trivially. 

It is trivial to see that an Einstein metric satisfies ([1| with equality. Now assume 
that g is a metric of non-negative scalar curvature which satisfies ([T]) with equality. If 
Im '^1(9)^^^(9) — 0) then we have (7i{g) = 0, which implies that R = R = 0. Using ([T]), g 
is a Ricci flat metric, and hence a flat metric. If J^^ ai{g)dv{g) > 0, by Lemma[T]we have 
£{g) = 1/3. Hence {M^,g) is a space form by Theorem [5j ■ 

In a recent joint work with Xia [llj we proved the rigidity of ([T|), namely under the 
conditions in Theorem A equality in ([T|) holds if and only if (M, g) is an Einstein metric. 

7. Problems and Conjectures 
We end the paper by proposing several related problems and conjectures. 

Conjecture 1. Theorem, {1\ holds if g has a non-negative first Yamabe constant Yi{[g]). 



When g has a negative flrst Yamabe constant. Theorem [T] is not true. For example see 
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Problem 1. Y{[gQ\) is achieved. 

This is a Yamabe type problem, but with a different property. From the analysis 
developed here, together with a classification result of blow-up solutions like in [22j . one 
can expect that this conjecture is true if y([go]) < 1/3. It is trivial to see that any metric 
g with constant sectional curvature satisfies £{g) = 1/3, and hence 

Y{[g]) = \=Y{[g^^]), 

where ggi is the standard round metric on S'^. We conjecture 

Conjecture 2. Let {M^,go) be a closed manifold with go G Ci. IfY{[go]) = 1/3, then 
{M^^go) is conformally equivalent to a 3-dimensional spherical space form. 

It is inetresting to see that this conjecture, if it is true, gives a characterization of a 
conformal Einstein metric on a 3-dimensional manifold. 



Let 



J{9)-=l cri{g)dv{g) ■ a2{g)dv{g). 
Jm Jm 



Conjecture 3. Let (M^^go) be a closed manifold with g^ £ Ci. The following statement 



>2,i(bo]) := sup J{g) < J{gs3] 

9eCi([go]) 



is true. 



This conjecture is closely related to a problem which was asked by Viaclovsky to us 
several years ago. Let 

J2{g) := vol{g)'/' ■ [ <J2{g)dv{g). 

He asked if s^PgeC2{[go]) '^2(5) is bounded. We believe that it is true and we even believe 
more. 

Conjecture 4- Let (M^, (70) be a closed manifold with g^ € Ci. The following statement 

^2 (bo]) := sup J2{g) < J2{gs3) 

SGCidso]) 

is true. 

It is easy to see that Conjecture 3 implies Conjecture 4 and Conjecture 4 implies The- 
orem [2j 

The Euler-Lagrange equation of J2 is the so-called (T2-Yamabe equation 
(72) a2{g) = b, 

for soma constant b. A Lemma [2] type result is true for this equation. This in fact directly 
follows from a volume comparison result of Gursky- Viaclovsky [20j , which in turn follows 
from a volume comparison Theorem of Bray [T] . 
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Lemma 7. Let g £ Ci be a metric on a 3- dimensional manifold satisfying ^72^ then 

Proof. We need only to consider the case 6 > 0, otherwise the Lemma is trivial. We may 
assume that b = (T2(5§3), i.e, cr2{g) = C2(5's3). Theorem 1.2 in [20] implies 

vol{g) < w/(5g3). 

Hence we have 

4 

^2(5) < {vol{gss))-i (r2igss) = J2(5'§3). 

■ 

Hence, to show Conjecture 4, as inspired by the proof given above, one needs only either 
to show that J2 is achieved, or to show a suitable perturbed functional has a maximum, 
together with a LemmaE]type estimate. This is a difficult problem. There is even an extra 
difficulty that the corresponding flow is in general not parabolic. However for functional 
J there is no this extra difficulty. This is known from Lemma HI Therefore, it may be 
better to study Conjecture 3 first. 

The Euler-Lagrange equation of J is the so-called quotient equation 

(T3) ^ = b. 

With the same idea, we need the following comparison result. 

Conjecture 5. Let {M'^,g) be a closed 3-dimensional manifold with g £Ci. Assume that 

0-2(5) ^ (5§3) 



0-1(5) o-i(c/§3)' 
Then 

criig)dv{g) < / ai{gg:i)dv{gs3). 

M J§3 



If these conjectures are true, then it is natural to ask 
Problem 2. Are l2,i(bo]) o-nd Y2{[go]) achieved? 
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